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I. INTRODUCTION
In the thermodynamics of crystal lattices, the stress, σij, and the elastic coefficients, C ijkl , are defined as the 1st and 2nd order derivatives of the internal energy per unit volume, respectively. 1 Here, i ∼ l indicate the Cartesian indices x, y and z. The stress-strain gradients, ∆σij/∆ε kl , coincide with C ijkl only in the no-load equilibrium or linear elasticity for small strain. The elastic stiffness coefficients, B ijkl , are defined as the stress-strain gradients in general cases, and can be evaluated with C ijkl plus σij under external load as shown later. Wang et al. 2, 3 proposed stability criteria for crystal under finite strain and temperature based on the positiveness of the B ijkl , and succeeded to evaluate the onset of phase transformation in the molecular dynamics (MD) simulation for no-defect bulk crystal with thermal vibration. In detail, the positiveness is checked by the determinant of the 6 × 6 matrix of Bij, that represents the 21 independent components of 4th order tensor B ijkl in the 6-dimensional strain space of Voigt notation, i.e. i, j = 1 ∼ 6 or xx, yy, zz, yz, zx, xy. Inspired by this criteria, we have tried to evaluate the onset of local deformation such as dislocation nucleation and cleavage cracking by the determinant of atomic elastic stiffness, B a ij , formulating the atomic stress, σ a i , and atomic elastic coefficients, C a ij , in EAM and Tersoff potential functions. [4] [5] [6] Then we refined our analysis from the det B a ij to the positiveness of the 6 eigenvalue η a(1) ∼ η a (6) , or the solution of the eigenequation of B a ij ∆εj = η a ∆εi, for each atom. 7 Here, det B a ij is the multiple of these eigenvalues, i.e. det B a ij = η a(1) η a(2) ⋯η a (6) . We evaluated then the corresponding 6-dimensional eigenvector of {∆ε 1 , ∆ε 2 , . . ., ∆ε 6 } = {∆εxx, ∆εyy, . . ., ∆γxy} for η a(1) < 0 atoms and discussed unstable deformation mode in the unstable crack propagation in Si. 8 Furthermore, we reconstructed the 3 × 3 strain tensor, ∆εij, for η a(1) < 0 atoms (i, j are Cartesian indices again) from the 6-dimensional eigenvector; and demonstrated that the principle axes of the tensor, n 1 , n 2 , n 3 , or the solution of ∆εijnj = ni, definitely ARTICLE scitation.org/journal/adv indicate the crack opening mode in the crack propagation in Mg 9 and SiC. 10 Another stability analysis based on the system Hessian 11, 12 requires enormous computation for the eigenvalue of about 3N × 3N matrix, where N is the number of atoms in the system. The other stability analysis based on phonon mode 13 also requires very complicated formulation and extra analysis for phonon calculation. Our analysis needs only 6 × 6 matrix calculation for N atoms and the calculation of C a ij is as easy as force calculation or atomic stress calculation.
Here we have applied our AES analysis to the EAM potential by Zhou et al. 14, 15 that provides potential parameters for 8 fcc, 4 bcc and 4 hcp metals and their mixtures. Unfortunately the potential does not guarantee ordered alloy properties, e.g., elastic constants of Ni 3 Al are calculated as C 11 = 156 GPa, C 12 = 105 GPa and C 44 = 41 GPa against 230 GPa, 150 GPa and 131 GPa in experiment, respectively; however, their various metal species and possibility to apply to bi-metal, trimetal and more are of interest to explore the AES in different materials such as bi-metal interface. Before progressing such complicated multi-element system, we clarify the basic properties of monatomic systems of fcc, bcc and hcp, especially focusing on the slip deformation. First, we perform static analysis for generalized stacking fault (GSF) energy curve in a usual manner, and the relationship between GSF energy and the minimum η a(1) , or η a(1) of atoms on the slip plane, are discussed. Then MD simulations for edge and screw dislocation dipoles are performed in the similar way of Chang et al., 16 and discussed the η a(1) of the dislocation core and maximum shear direction from the principle axes.
II. EVALUATION OF AES IN EAM POTENTIAL
In the EAM framework, energy contribution of atom a is expressed as following form;
r ab and φ ab are distance and pairwise interaction between atoms a and b, F a embedding energy for the "density" ρ a , that is the sum of the pairwise contribution f b from atom b. From the 1st and 2nd order derivatives of this energy contribution, the atomic stress and elastic coefficients are expressed as follows; 
where ′ and ′′ denote the derivatives of the functions, Ω atomic volume, r ab i the i-component of position vector r ab = r a −r b . The 21 independent components of the tensor B a ijkl are expressed in the 6 × 6 matrix by adding the atomic stress contribution to the 6 × 6 matrix of C a ij as follows,
The eigenvalue and eigenvector for the equation, B a ij ∆εj = η a ∆εi, and the principal axes of the strain tensor, ∆εijnj = ni, are solved using LAPACK math library. Figure 1 shows the GSF energy curves and change in the minimum η a(1) of the atoms on the slip plane (all atoms on the slip plane shows the same η a(1) ). From the equation B a ij ∆εj = η a ∆εi, the eigenvalue is in the unit of GPa. The eigenvalue at the normalized position 0 or 1 is that of atoms in the perfect bulk lattices. It should be noted that the scale of the energy and eigenvalue is changed for fcc, bcc and hcp, respectively. The η a(1) decreases as the energy increase, however, all fcc elements and two bcc W and Mo never show negative η a(1) along the slip path. The η a(1) largely recovers at the stacking fault position in the fcc elements except Al and Pb. Fe and Ta also show high recovery at the midpoint of the path. All hcp elements have monotonic minimum in the η a(1) curve at the peak of the GSF energy curve. As shown later, the intersection at η a(1) = 0 of hcp metals corresponds to the inflection point of the GSF energy curve, or the change point of the second order derivatives of the energy curvature from positive to negative. In addition, the intersections are almost same in all hcp elements. Figure 2 shows the relationships between GSF energy curve, atomic shear stress and η a(1) in hcp Mg. The stress-strain peak definitely coincides with the flexion point of the GSF energy since the system energy is the functional of the limited 1 degree of freedom along the deformation path; thus the 1st order derivative of the energy represents the stress, the second one the curvature of the GSF energy curve. As our expectation, the η a(1) becomes negative just after the stress peak in the upper and lower sides. The other three hcp elements also show same tendency and we can deduce that all the atoms lose the deformation resistance on the slip plane. We evaluate the eigenvector {∆εi} and the maximum shear direction of (n 3 + n 1 )/2 (referred as "unstable mode" hereafter) for the first point of η a(1) < 0. Here the coordinate is set in the [1210], [1010] and [0001] for x, y and z, respectively. Table I shows the components of the eigenvector and unstable mode. Figure 3 shows the direction of the maximum shear direction projected on the hcp basal plane.
III. STATIC ANALYSIS FOR GSF ENERGY CURVE
Here, the direction sign of Zr is changed 180 ○ from Table I due to the arbitrary sign of the principal axes. Figure 4 shows the change in the atomic shear stress and η a(1) of bcc Fe, W and fcc Ni along the GSF path. Fe shows η a(1) < 0 just after the stress peak as same as hcp Mg; however, the stability recovers and shows high positive η a(1) at the midpoint of the GSF path or the SF point. It is also same for Ta and the first point of η a < 0 of Fe and Ta is same; however, the unstable modes are different as schematically drawn in Fig. 5 . The eigenvector and unstable mode of Fe and Ta are listed in Table I . The "valley" of η a(1) of all fcc elements and the 1st valley of bcc W and Mo, indicated by vertical dashed line in Fig. 4 , seem to be located after the stress peak. However, the magnitude of η a(1) is "positive" as already shown in Fig. 1 (The zero-line of the right axis is not adjusted to the left for W and Ni in Fig. 4 ). Readers may wonder why η a(1) never becomes negative against the stress decrease. One possible reason is that the AES is the average in the large sphere of the cutoff radius ( √ 5 times of the 1st nearest neighbor distance) as same as E a , so that it cannot detect extreme local deformation such as this static GSF analysis. That is, even if the atoms on the slip plane lost deformation resistance in the lower half of the sphere, the upper half of undeformed bulk part cancels out the instability. It is also same for the static analysis of separation in one atomic plane; the AES on the separated plane merely converges to that on the separated free surface (some elements, e.g., bcc Fe and fcc Cu, show negative η a(1) just before the separation). However, this limitation is due to the extreme inhomogeneity in static analysis that never occurs in relaxed structure. Eventually, it is concluded from these results that all fcc, bcc W and Mo don't have any unstable structure on the way of the GSF path while all hcp, bcc Fe and Ta do. Figure 6 shows the simulation setup for edge and screw dislocation dipoles. Periodic boundary conditions are applied in all the directions of the initial orthogonal coordinate and deformed nonorthogonal coordinate for xy and yz shear. The unit lattices of fcc, bcc and hcp are aligned in 120 × 50 × 3, 96 × 60 × 3 and 120 × 75 × 3 for edge dipoles, and 54 × 38 × 9, 36 × 60 × 8 and 62 × 70 × 6 for screw dipoles, respectively. Total number of atoms is 100,000 ∼ 110,000. For edge dislocation, 1 atomic layer is removed from the center of the cell and linear shift is given to the area of 0.25Ly < y < 0.75Ly to fill the gap. Here Ly is the cell length in the y-direction. Screw dislocations are made by giving linear shift that is ±b/2 at the center and zero at the cell ends. Here b is the Burgers vector. The initial structure is relaxed during 50 000 fs calculation (10 000 fs for bcc and hcp screw) by adjusting the cell length to keep the normal stresses σxx, σyy and σzz zero. Then simple shear increments of ∆γxy = 1.0 × 10 −6 /fs and ∆γyz = 1.0 × 10 −6 /fs are applied every step for edge and screw dislocation dipoles, respectively. The cell lengths are fixed during the shear. The temperature is controlled at 0.1 K in all the simulations in order to eliminate thermal effect. Figure 7 shows the defect atoms judged by the central symmetry parameter (CSP) 17 or atomic energy E a after 50 000 fs relaxation and specific shear strain. For hcp metals, we cannot visualize the defect by CSP so that the high energy Co atoms of E a > − 4.4 eV are shown. In the case of fcc Ni, the cores are formed about 10 000 fs relaxation and then glide to opposite direction each other toward the stable position of 45 ○ dipole; however, they oscillate back and forth during 10 000 ∼ 50 000 fs due to the dynamic inertia as shown in the next section for screw dislocation dipole. The cores immediately start to glide in the shear direction if the shear strain increases. In bcc Fe, planar defect or intrinsic stacking fault remains even after 50 000 fs relaxation as shown in Fig. 7(b) . As shown later, the planar defect vanishes from its center by increasing the shear strain around γxy = 0.096 ∼ 0.1, leaving line defects or dislocation cores. Then they start to glide in 70 ○ inclined direction. In Fig. 7 (c) two extended dislocations are observed on the basal plane of the hcp Co and glide by xy shear. Here, the upper extends the width while the lower shrinks it during the shear. As explained later, the extension is screw component or displacement in the z-direction. Zr shows same dislocation structure but Mg and Ti didn't form clear dislocation core but have disordered structure around the initial ISF.
IV. MOLECULAR DYNAMICS SIMULATION FOR DISLOCATION DIPOLE

A. Edge dislocation
As expected from the previous static analysis, there is no η a(1) < 0 atoms in the dislocation core in fcc metals, even in their glide process under shear. However, we observed η a(1) < 0 atoms temporarily during the core formation process and the later stage of the shear γxy > 0.05. Figure 8 shows the snapshot at γxy = 0.063 colored by the sign of η a(1) and defect atoms judged by CSP. We can find η a(1) < 0 atoms on the leading edge of the extended dislocations. In our early study, 4 we had also observed η a(1) < 0 atoms at the partial dislocation cores that nucleate and glide in fcc Ni nanowire under tension. Such η a(1) < 0 atoms maybe in "severer" condition than isolated dislocation core in fcc metals. The core formation and glide process in bcc Fe can be clearly related with the change in the AES. Figure 9 indicates the change in the minimum of η a(1) in all atoms, and Fig. 10 shows the distribution of η a(1) < 0 atoms and defects by CSP at the strain (a)∼(e) in Fig. 9 . Despite of the planar fault, there is no η a(1) < 0 atoms until the sudden drop at Fig. 9 (a). From this point, the planar fault vanishes leaving the η a(1) < 0 atoms on the forefront of the vanishing interface (Figs. 10(a)∼(c)). Finally two dislocation cores are formed and start to glide in the inclined direction. Figure 11 shows the further zoom-up around the η a(1) < 0 atoms. Here marks (a)∼(d) are not same with those in Figs. 9 and 10 . The planar fault is the atomic plane gap, and the gap vanishes by nucleation and glide of edge dislocation on the gap surface or (111) plane; that is, the emergence of η a(1) < 0 reflects the dislocation formation and migration. Then the dislocation core glides on the (123) plane, showing constant η a (1) around −30 ∼ −40 GPa as shown in Fig. 9 . Figure 12 visualizes the unstable mode of η a(1) < 0 atoms of the dislocation core on the (123) plane in Fig. 10(e) . Only the η a(1) < 0 atoms are shown on the xy, zy and zx views, and the unstable mode of them are drawn by the arrows of which length is scaled by the |η a(1) |. Depending on the local change of Peierls potential barrier, the direction dizzyingly changes during dislocation glide; however, we can see the parallel and normal mode against (123) plane on the xy projection at the upper core. It is also noteworthy that all arrows are oriented in the same direction for each η a(1) < 0 atomic lines. This may owe to the limited degree of freedom in the line direction. The mechanism along the line direction such as kink formation is the next work. On the other bcc element, W never shows η a(1) < 0 in the static analysis, however, it shows same change in the η a(1) as Fig. 9 and definitely have η a(1) < 0 atoms in the dislocation core as same as Fe. Figure 13 (a) shows the tilted snapshots of hcp Co colored by E a after 50 000 fs relaxation. The kidney-like shape is observed by slight displacement in z-direction. The kidney shape is formed by the atomic step under periodic boundary as shown in the further rotated snapshot in Fig. 13(a) right, although there is no high energy atoms on the boundary. Figures 13(b) and (c) magnify the snapshots around the upper and lower cores colored by E a and the sign of η a (1) . We can find η a(1) < 0 atomic lines at the highest E a for edge components at the right edge of each extended cores. The slightly high energy of the left possibly has screw component, and extends or shrinks the dislocation width under xy shear due to the opposite sign of the Burgers vector. Figure 14 summarizes the simulation results for hcp Co dipoles. The center snapshots exhibit the motion of the edge dislocation in the upper core by the η a(1) < 0 atoms. The dislocation immediately starts to glide by applying the xy-shear and keeps gliding with constant speed. The minimum η a(1) decreases linearly with strain increment; however, many η a(1) < 0 atoms appear and spread on the slip plane as indicated by white arrow in Fig. 14(f) , resulting in the sudden drop of minimum η a(1) and following complicated behavior of alternate recovery and drop. However, this later stage deformation is not the target of the present paper but the glide motion of the isolated dislocation core in the early stage. Figure 15 shows the unstable mode of η a(1) < 0 atoms in the glide dislocation in Fig. 14(e) . The deformation mode is rather clear since there are only three atomic line of η a(1) < 0 in the dislocation core of hcp Co. As can be seen in the left figure, two atomic lines are just located symmetrically against the lower atomic plane indicated by dashed line. Thus they shows symmetric deformation mode to pass the atomic plane at this impact. The arrows of the trailing 3rd atomic line are almost zero compared to the leading two lines, so that we can deduce that the center of the dislocation core is shifting to them. The unstable modes are overdrawn on the cross-sectional snapshots of the xy and position is calculated by the highest atomic energy in the upper and lower half. As same as edge dipole, the cores are formed around t = 5000 fs and rebound each other since the in-line position is unstable for the opposite sign dislocations. The cores glide with constant velocity by increasing the yz-shear, crossing the periodic boundary many times. Figure 17 shows the change in the minimum η a(1) during the simulation of fcc Ni screw dipole. The η a(1) never becomes negative and shows almost constant about 9 GPa in the core oscillation during the relaxation, that is slightly higher than that of 8 GPa for the edge dislocation. These magnitudes are quite small compared to that in the bulk of 50 GPa. Then the η a(1) slightly decreases with the shear increment. It is also of interest that the η a(1) shows the lowest minimum just at the in-line unstable position in the core formation process. Figures 18 and 19 show the CSP snapshots of core motion, calculated core position and the minimum η a (1) in bcc Fe screw dipole. Marks (a) ∼ (d) denote the same point. The cores don't glide until γyz = 0.015, where the η a(1) shows the lowest minimum at (b). Then the dislocations glide in the 30 ○ inclined direction of the [110] on (112), showing alternate zig-zag peaks in the η a(1) graph. As shown in Figs. 18(d) and 19(a) , the cores approach each other and become immobile near the periodic boundary. The average of the minimum η a(1) during (b) and (d) is evaluated to -8.4 GPa for screw on the (112) plane, against -40 GPa for edge on the (123) plane in Fig. 9 . Figure 20 illustrates zoom-up CSP view, η a(1) < 0 atom position, and the unstable mode of the η a(1) < 0 atoms in the screw dipole in Fig. 18(c) . The η a(1) < 0 atomic lines are located at the leading position in the core defects, as indicated with ellipsoid in the CSP view. The smaller arrows of the inner atomic lines B and B' are oriented in the y direction slightly inclined in the x direction with 21 ○ and -11 ○ for B and B', respectively. There is no corresponding lattice site Fig. 22 correspond to the points in Fig. 21(b) . The screw cores are extended to two partial dislocations, and the highest E a of them is absolutely the atomic line of η a(1) < 0. The partial cores expand and shrink until t = 53000 fs or the strain of γyz = 0.043 as shown in Figs. 22(b)∼(f). The core position of Fig. 21(a) can not distinguish the two partials on the same slip plane, so that the position largely fluctuates reflecting this expansion and shrink of the partials until the constant glide from t = 53000 fs. The minimum η a(1) also oscillates during this expansion and shrink, showing some tendency that the closer cores have the larger negative η a(1) or more unstable. Then the extended dislocations start to glide with constant speed and dislocation width. The minimum η a(1) is also constant during the glide, of which magnitude is about -4.5 GPa. Figure 23 illustrates the unstable mode of the extended dislocation in Fig. 22(g) . All the arrows are oriented in the y-direction, slightly inclined in the z-direction. The trailing partials have slightly larger |η a(1) | than the leading ones. The average of the direction is calculated as (-0.03, 0.99, -0.13), and the projected angle on the zx plane is 13 ○ as shown in the right schematic. This direction is oriented for the vacant site in the triangle lattice in the upper (or lower due to the arbitraty sign of principal axes) plane, as same as edge dislocation in Fig. 15 . Various static analyses of generalized stacking fault (GSF) and molecular dynamics simulations of edge and screw dislocation dipoles are performed on fcc, bcc and hcp metals in Zhou's EAM potential. 14, 15 Here, the main purpose of the present study is not to discuss the obtained energy curve and dislocation structure/motion as real materials, but to investigate the 1st eigenvalue, η a (1) , and corresponding eigenvectors, {∆εi}, of the 6 × 6 matrix of the atomic elastic stiffness, B a ij = ∆σ a i ∆εj. The maximum shear direction, (n 3 + n 1 )/2, is calculated as "unstable mode" from the principal axes n 1 , n 2 , n 3 of the 3 × 3 strain tensor of which components are {∆εi} of η a(1) < 0 atoms. Fcc metals never show negative η a(1) on the GSF path. Edge and screw dislocation dipoles easily glide in fcc Ni despite of no η a(1) < 0 atoms in the dislocation cores. Bcc metals also show positive η a(1) at the GSF energy peak; however, η a(1) < 0 atoms appear when edge dislocations are formed on the (111) intrinsic stacking fault. The cores change the slip plane to the (123) when they reach to the end of the fault. These edge cores have many η a(1) < 0 atomic lines and their unstable mode dizzyingly changes reflecting the local change of the Peierls barrier. On the other hand, the (112) screw core has only two η a(1) < 0 atomic lines and the unstable mode of the leading line is the [111] direction. Hcp metals become η a(1) < 0 just after the stress-strain peak in the GSF analysis; that coincides with the straightforward image of loss of the deformation resistance by ∆σ a i = B a ij ∆εj = η a ∆εi. The edge core has two or three atomic lines of η a(1) < 0 atoms on the basal plane in hcp Co, and their unstable modes are definitely oriented to the vacant site in the [1211] . The screw core extends to two partials, and each partial has single atomic line of η a(1) < 0 of which unstable mode is also oriented to the vacant lattice site. The direction is not parallel to the basal plane but to the site on the upper or lower plane, as same as the edge core.
It should be noted again that the obtained dislocation core and motion may differ from the real material, due to the limitation of potential function. However, we emphasize the usefulness of our scheme shown here, or the eigenvector and unstable mode of η a(1) < 0 atoms, for new insight in the dislocation dynamics.
